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finite difference operators
Placement constant for part-span shroud
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Working fluid gas constant
Surface radius of curvature
Temperature
Solution state vector




V Meridional velocity vector
m
X Transformed axial coordinate
Z Finite difference damping operator
LOWER CASE
a Speed of sound
a 0Reference velocity
0
aup Far upstream speed of sound
c Specific heat at constant pressure
cv Specific heat at constant volume
e Internal energy
f General fluid property
h Enthalpy
h 51h 2h Coordinate arc length scale factor in meridional,
mi n 0 normal directions
1 Unit vector in radial direction
r
Ig Unit vector in tangential direction
j,k,Sn Finite difference grid numbers in axial, tangential,
radial and time direction
in Finite difference operation repeat factor
n Unit normal vector
p Static pressure or finite difference operation time step
factor
r,e,z Cylindrical coordinate system directions
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SUMMARY
A FORTRAN-IV computer program has been developed for the calcula-
tion of the inviscid transonic/supersonic flow field in a fully three-dimen-
sional blade passage of an axial compressor rotor or stator. Rotors may have
dampers (part-span shrouds). MacCormack's explicit time-marching method is
used to solve the unsteady Euler equations on a finite difference mesh. This
technique captures shocks and smears them over several grid points. Input
quantities are blade row geometry, operating conditions and thermodynamic
quantities. Output quantities are three velocity components, density and
internal energy at each mesh point. Other flow quantities are calculated
from these variables. A short graphics package is included with the code,
and may be used to display the finite difference grid, blade geometry and
static pressure contour plots on blade-to-blade calculation surfaces or blade
suction and pressure surfaces.
Flows in four transonic compressor rotors have been analyzed and
compared with exit flow field measurements and intra-blade static density
2measurements obtained with a gas fluorescence technique. These comparisons
have generally shown that the computed flow fields accurately model the
experimentally determined passage shock positions and overall aerodynamic
performance.
The computer code was developed and generally run on a large mini-
computer system, a Digital Equipment Corporation PDP-ll/70, with run times of
two to three days. The code has also been run on several main-frame com-
puters (IBM 3033, IBM 360/678, UNIVAC 1110, CDC 7600 and a CRAY-1). Typical
run times on an IBM 3033 have been found to be 5-10 hours.
3INTRODUCTION
For many analysis problems in turbomachinery, an assumption of
inviscid flow provides sufficiently accurate results for design or develop-
ment tasks. This situation often arises in calculation of design point per-
formances for high speed axial compressor blade rows, even though these flows
may exhibit complex interactions of inviscid and viscous phenomena. An
accurate inviscid calculation is of great benefit for compressor design since
viscous and shock losses can both be reduced if the inviscid flow can be pre-
dicted. The design point performance of high speed axial compressors could
be greatly improved through the use of an accurate inviscid flow solution,
without requiring a fully viscous flow solution.
Classical analytical solutions for these flows have not developed
either because of the flow character--mixed subsonic-supersonic flow with
strong shock waves--or because of the intrinsic nonlinear, three-dimensional
features of transonic flows. For such flows pure numerical procedures can
usually provide quick, accurate solutions with reasonable cost. The numeri-
cal procedures and techniques to be described have been specialized for solu-
tions of inviscid flow in high pressure ratio, high tip-speed axial
compressor rotors, even though the techniques employed are of much wider
generality.
The compressor rotors to be studied are assumed to be isolated
blade rows which are completely enclosed by hub and tip casings. Since the
fluid is assumed to be inviscid and each blade in a row is assumed to be
identical, the flow field about each blade may reasonably be considered to be
identical. This assumption allows the physical domain of interest to be
4reduced to that bounded by a pair of blades and the extension of their mean
camber lines upstream and downstream, as illustrated in Figure 1. This
region is assumed to extend to upstream and downstream infinity, and the flow
is assumed to be periodic blade-to-blade. The blade rows of interest have
several common features: their internal flows have mixed subsonic-
transonic-supersonic relative Mach numbers, a range of 0.5 to as high as 2.0,
and they attempt to use moderately strong shock waves as an efficient method
to transfer energy from the rotating machinery to the fluid flow; their
internal flow passages are complex three-dimensional shapes in which natural
bounding surfaces rarely join orthogonally. These characteristics rather
severely restrict the present choice of numerical solution schemes to time-
accurate, finite difference solutions of the three-dimensional Euler
Equations (continuity, inviscid momentum and inviscid energy equation with no
heat conduction).
The numerical scheme selected to integrate the equations of motion
is MacCormack's method.1,2 This scheme is an explicit, time-accurate, con-
ditionally stable method of second order accuracy with good shock capturing
properties. Shock waves are resolved as regions of high gradients spread
over about 5 mesh points in the streamwise direction. In a complex flow
the existence and location of shock waves need not be anticipated but
develop naturally as the solution proceeds. The penalty paid for this con-
venience is a loss in spatial resolution of shock waves and some inaccuracy
in shock jump conditions. Although shock-fitting schemes are an area of
current research, 34 methods suitable for three-dimensional flows are not yet
available.
5In most situations, the time accurate nature of MacCormack's method
is of little importance since only the steady state solution is of interest.
Here the integration method is only a convenient iteration scheme to move
from a rather arbitrary initial condition to the final steady state solution.
Commonly used initial conditions are an old steady state solution or a quasi-
meridional start-up procedure provided with the code.
Finite difference methods are useful for complex equation sets such
as the Euler or Navier-Stokes equations, but can be effectively used only in
simple geometric regions. Using finite difference methods for complex
geometries requires adopting coordinate systems or coordinate mappings which
transform the physical domain into a computational domain of simple shape.
In this report, a set of simple analytical stretching functions is used to
map the bounding surfaces into a square computational domain. These trans-
forms accommodate any hub or tip casing shape and almost any blade shape.
Best results are obtained for thin leading and trailing edges as are most
often encountered in compressor blade rows. Further work is continuing on
more general coordinate mappings to provide more accurate solutions for any
blade geometry.
The computer codes described in this report represent a radical
departure in philosophy of large-scale computational projects in the choice
of computer systems. These codes were developed and production runs made on
a dedicated minicomputer, a Digital Equipment Corporation PDP-ll/70, rather
than a large main frame computer. These codes have also been run on an IBM
360/67, an IBM 3033, a UNIVAC 1110, a CDC 7600, and a CRAY-1. It was found
during development that, at least in the author's opinion, the dedicated
6minicomputer was a superior code development machine to any main frame com-
puter. The cost of production code running was also lower than on any




For flow calculations in turbomachinery blade passages, a cylindri-
cal coordinate system is a natural choice since considerable cylindrical sym-
metry exists, and was selected as a base coordinate system. This system is a
right-handed one (r, 0, z) which has the positive z coordinate pointing in
the axial flow direction. Blade rows will be assumed to rotate in the posi-
tive e direction, clockwise when looking downstream.
A convenient set of three-dimensional inviscid flow equations
expressed in cylindrical coordinates is found in MacCormack. These equations
are in weak conservation law form and may be easily expressed in matrix form
as:
3U aF 3G* 3H
+ + + = K (1)
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Et = p(e+u /2), and u =u +u +u . In addition the working fluid will be
t r 0 z
assumed to be a perfect gas with constant thermodynamic properties, y, R,
C and C . The equation of state may be written as
p v
p = pe(y - 1) (2)
In order to apply the boundary condition of no flow through the blade
surface at a constant spatial location a common independent variable trans-
formation is introduced.
6' = 6 - Wt (3)
The new independent variable is 0', and w is the rotational speed of
the blade row. Using this transform the flow equations become:
au au aF 3G* +H K
at' D 3+Ir'+ ' +3 =(4)
or
au aF +G +LH
-- +--+-+-= Kat ar ao az (5)




Pu + P - wrpu0
puzu0 - wrpuz
u (E +P) - wrE
and the prime superscripts have been dropped for convenience.
These equations are non-dimensionalized using a reference length,
L, a reference velocity, a0 , and a reference density, p0. The reference
quantities are in principle arbitrary, but the reference velocity and density
have been selected to be the stagnation speed of sound and density on the
inlet tip casing streamline. The reference length remains arbitrary but is
conventionally selected as the inlet tip casing radius. The new non-







r' = r/L , z' = z/L
u' = u/a0





















When these quantities are selected, the flow equations in terms of non-
dimensional variables are identical in form to those in terms of dimensional
variables, equation (5). The prime superscripts may then be dropped without
confusion and only nondimensional quantities will be referred to in the
remaining sections of this report. The Euler flow equations become
3U' aF' 3G' 3H'
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As is typical in three-dimensional flow solutions, the geometric
domain in physical space is sufficiently complex to render a direct finite
difference solution in physical space impractical. The approach adopted here
to solve the finite difference grid allocation problem is to introduce a set
of independent variable transformations or coordinate stretchings which map a
single compressor blade passage into a rectangular parallelepiped. A general-
ized mapping is indicated by
(r, 6, z) + (R, 0, X) (15)
with
R = R(r, 6, z), 0 = O(r, 0, z), 'and X = X(r, 0, z)
Introducing a coordinate transform modifies the original partial
differential equations. Using the chain rule for derivatives Equation (14)
becomes
au+ 3F DR+ aF 30 aF 3X+ 3G A R 3 aaE 3Ga3X
at DRaDr 30 3r ax az 3R 30 ae0 D6 aX 3
(16)
3H aR +3H 3 +aH X
DR 3z 3a az ax 3z
This equation may be rearranged as:
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aU +F R 3G 3R 3H 3R]
at+ 3R r 5R 6 3R z
LF DO+ 3G 3 a +H DO
309 r DE) H 30 3zL i
(17)
+ 3F -X + -G DX +3H DX K
+ 3Xar ax 36+ X j K
Equation (14) is in weak conservation law form, while equation (17) is in
non-conservation law form after the coordinate transforms have been intro-
duced. The weak conservation law form may be retained, reference 5 and 6,
as:
(18)at+ U+ + ax
where
I = U/J; F = F + + H 2RFa ra3e 3z
G 3rF r 36 + 3H
[F = 3F + R+ H 3
IK=K/J






J = det DR 3R 9Rar a a
30 ae ae (23)
Tr a 6 5z/
ax ax ax
These equations may be rewritten in the following form in which the
contravariant velocity components appear directly.
r p UR
rpurUR + rP(aR/ar)
F= r P u U (24)
r p uz R + rP(aR/aX)
r p UR(E + P/p)
r p U X
r p u U + rP(aX/ar)
r X
r P u U (25)
r p uzUX + rP(aX/az)
r p U X(E + P/p)
r p UE
r p ur U + rP(aO/ar)
G= r p u U + rP[(aO/a6)/r] (26)
r p uz U + rP(aG/az)
r p U (E + P/p) + (wr)(rP)[(aO/a6)/r]
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where
UR u. aR IR
U +uz (27)
Ux = u -+ X +u (28)
r 3L (ue - or 6 z _La
U (u - wr) a + u a (29)
0 r [_r r z 1,z
As described in reference 6, UR, U and U are the contravariant
velocities perpendicular to the R, 0 and X coordinate surfaces. If these
coordinate surfaces are chosen to coincide with physical boundaries in the
problem, the no flow through solid surface boundary condition becomes:
UR = 0 on constant R surfaces (30)
UR = 0 on constant 0 surfaces (31)
UX = 0 on constant X surfaces (32)
Full conservation law forms (CLF) are generally to be preferred
over non-conservation law forms (NCLF) on a theoretical basis. CLF contain
the correct shock jump conditions while NCLF may not. The CLF, when used
with appropriate spatial differencing, should have superior mass, energy and
momentum conservation properties. When a CLF finite difference solution is
summed over a large volume of several mesh cells, the inter-cell flux of
energy mass, and momentum cancel, thus satisfying the integral conservation
law properties for the large volume. For flow regions without shock waves,
CLF solutions and NCLF solutions approach each other as the grid spacing
decreases, but incorrect shock jump conditions may be predicted by NCLF solu-
tions even in the limit of infinite grid resolution.
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For simple flow problems where shock waves may be aligned with cell
boundaries, the theoretical advantages of the CLF are easily demonstrated.
For practical flow problems where shock waves may cross cell boundaries, the
CLF advantages are more difficult to demonstrate. In fact, NCLF solutions
often appear to give superior results. For this reason, the computer code
described in this report has the capability to use either the NCLF of
equation (17) or the weak conservation law form of equation (18).
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Coordinate Transforms for Compressor Blade Rows
As was previously discussed, the analysis will be limited to calcu-
lations for the flow through a single blade passage. The physical flow
domain is illustrated in Figure 1 and consists of the space bounded by a pair
of blades and the extension of their mean camber lines upstream and
downstream of the blade row. The extension region is assumed to extend to
upstream and downstream infinity, and the flow is assumed to be periodic,
blade-to-blade, in this region. This physical domain is mapped onto a com-
putational domain which is a rectangular parallelopiped. The computational
domain is usually truncated 3 to 5 chords upstream and downstream of the
blade row.
Domain Regularizing Functions
Two mapping functions were chosen: first, one which regularizes the
physical domain; and second, one which locally increases mesh density near
the blade leading and trailing edges. The domain regularizing functions are
given by:




E - e (r,z)
SSS (r,z) - 8 ps (r,z)
and
Z - e r (r)
Zte (r) - z Ze(r) -0.5 (35)
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Here rhub is the radial position of the hub casing
r is the radial position of the tip casing
tip h
os is the theta position of the blade pressure surface
O s is the theta position of the blade suction surface
z is the plan view projection of the blade row leading edge
zte is the plan view projection of the blade row trailing edge
A plan view for a typical compressor blade row in both physical
space and computational space is shown in Figure 2. The hub and tip casings
and the blade leading and trailing edge lines are mapped to straight lines.
These mappings are adequate for nearly any compressor flow path.
Similar views of the physical and computational space for blade to
blade sections are shown in Figure 3. Here the curved blade shapes are
mapped to untwisted planes. This mapping appears adequate for thin
compressor blades but may not be adequate for thick blades with blunt
trailing edges, as might be encountered in turbine blade rows.
The effect of an axisymmetric part-span vibration damper or shroud
can be included by modifying only the coordinate stretching in the r
direction, Equation (33). A plan view of a typical flow path which includes
a part-span shroud is shown in Figure 4. This geometry can be treated by
defining two mapping functions; one function for the physical space below the
damper (r < r lower), and a second function for the physical space above the
damper (r > rupper).
18
R, = C r hub for r<rlower (36)
rlower -rhubloe
r -r
R = (1-C)F upper + C for r:>.r2 1 rt. -r erj 1 upper
tip upper
Here, rupper is a function of (r,z) specifying geometry of upper
surface of damper, rlower is a function of (r,z) specifying geometry of lower
surface of damper, and C is a constant determining placement of damper in
computational space. The best value of C is dependent on boundary con-
dition formulations and will be discussed in a later section. This transform
maps the damper into a slit in R-E computational space as shown in Figure 5.
Tf the bladp leading and trailing edges are not constant z lines
then near the upstream and downstream edges of the computational domain, the
grid lines produced by these mappings are skewed with respect to either the
local streamlines or a constant z line. This skewness may be eliminated by
using the following transform, applied outside the blade row only, which
allows a constant E line to approach a constant z line as z + +a.
(z-ze) + z - z eG2
Ze 0 " 9,e -. P. .e (38)
(zt- zk0 + [(Zte- zt) + (Z z*- z9e )le 2
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where z and z te are the axial locations of the blade leading and trailing
edge at the hub radius
C2 is a relaxation factor typically equal to 3.0
Z* M z - z X upstream of the blade row, and
Z* M z te - z downstream of the blade row.
Mesh Packing Function
A grid distributed uniformly in the (R,G,F,) space may be com-
putationally inefficient since a fine mesh is often desired near the blade
leading and trailing edges and a coarse mesh is desired near the upstream and
downstream boundaries. A mesh packing function which satisfies both of the
requirements is:
S=A sinh (K X) + B tanJ1 [sinh (K X)] (39)
where
A = A*/ 2 A * sinh (K ) + Bx* tan-' (sinh (K)I
x X x x x X
A* = sech (K )/2K
x x x
B* = sinh (K ) tanh (K )/2K
x x x x
B = B 2 (A* sinh (K ) + B* tan 1 (sinh (K
and K is a free parameter which controls the mesh packing. Details on this
x
transform are given by Merrington 7
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This transformation from (R,G,,) space to (R,O,X) symmetrically
packs points near the leading and trailing edges and stretches the domain
away from the blade row. A typical grid structure having uniform distribu-
tion in the (R,G,X) space is shown in the physical space in Figure 6 (plan
view) and Figure 7 (blade-to-blade view). As shown in these two figures, the
grid system adopted is an offset one in which boundaries are located midway
between grid lines. This arrangement has certain advantages in implementing
both hard wall and periodic boundary conditions. These advantages will be
discussed in a later section. These two figures also show that the blade-to-
blade grid planes, R-, or R-X planes, are not curved in the theta direction
which means that the blade-to-blade lines are not normal to blade surfaces.
In addition, 3R/36 and 3X/36 are zero as may be seen from Equations (33) and
(35).
Numerical Integration Scheme
12 _Equation (17) or (18) is solved using ' Mac.JCorma.ks a pLit o aU
finite difference scheme. This is a two step, explicit, second order
accurate, conditionally stable scheme. The difference equations for the non-
conservation law forms are:
R-direction
=n F - Fn
j,k,29 j,kZ 6R j,k,29+l jkZ J r
+ [H- + 6t A K (40)j,k,k+l j,k, jz R j,k,.
. ,-2 j kZ 2~kZ 6R F r.
(H - H - + 6t A * + Zn (41)
+ j ,k , j ,k , 9 - l - R J 9,k , . j ,k ,
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G-direction
Un = Un S6t Fnj ,kk 60[ j,k+1,Z - Fn 1 aj,k,9j 3r
LEn + n E)a®
+ G -G , +H -H
+ jk+lg K ,k,Zj ae 1 ,k+lq, jk,9 z
n
+ (t AE K Jqq
Un+l1 U*
2 j qk,.Z + Un 6t rF*j qkk 60 j(,kz - * aO +j k-l,l ar
+CG ,k- Gkl-1, +
+ 6t A K
0 j,k,Z
H. - H,
qki, c, k3 (43)
+ Z' njk,
X-direction
* = U n - t F +n - F k a x + H 1 , H n ,kxj+ljkq92 j ,k,,)J 3r Cj+l,k,Z jpk, azJ (44)
n+ 'Un+U* - C F* -F + H - H*a2 ax j,k, j-1,k,qZar j,k,. j-1,k,k
(45)
where j, k, and X respectively identify the axial, circumferential and radial
coordinate of a grid point, n indicates the time step, and * indicates an
intermediate time step. Also
(42)
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F * = F(U*) (46)
H * = H(U*) (47)
K* = K(U * (48)
A R= [o 1 00 01 (49)AR
A = [0 0 1 0 0] (50)
Equations (40, 42 and 44) are the predictor steps, and equations
(41, 43 and 45) are the corrector steps. The forward and backward space dif-
ferences appearing in the predictor and corrector steps are permuted each
operator execution as suggested by MacCormack.2 Similar operators are used
for the conservation law forms.
For this type of time splitting, the three MacCormack operators
must be combined in symmetric sequences in order to maintain second order
accuracy.2'8  Denoting equations (41 and 42) as the LR(6 t) operator,
equations (43 and 44) as the L (t) operator and equations (45 and 46) as the
LX(St) operator, a sequence may be written as:
Un+2 = [LX(6t) L)(6t) LR(2 6 t) Le(6t) LX(6t)] Un (51)
This simple but non-unique sequence advances the solution from time level n6t
to time level (n+2)6t.
In order to stabilize the solution along steep gradients of the
flow quantities, such as across shock waves and near the leading and trailing
edges, artificial viscosity terms were introduced, that add to the numerical
23
damping of the scheme. The Lapidus9 form of these terms was used and for
LR operator they are:
Zk K u jk - u nj - ,k, lTn,k,]
- jur kZ+l- r jk ,k, - ,gk,1L} (52)
where K is a parameter of order 1 that controls the strength of the artifi-
cial viscosity terms. Low values of K produce sharp shocks, but result in
unacceptable oscillations downstream of the shock. High values of K yield
smooth solutions, but also very wide shocks and strong distortions to the
inviscid field. A typical value of K is 0.4.
Each one-dimensional operator is explicit and in the absence of
artificial damping (Znj,kZ =0) have the stability conditions:
for L X 6 tX 
+ Mr '~ + F3I+ '(53)
for Lx fr (r frar
r 6t = 6R MR + M rx]+ 
+ 
(54)





For calculations with strong shocks, these maximum time steps must be reduced
by up to 40 per cent to maintain stability.
For a given calculation 6tx, 6tR and 6t, may differ by over an order
of magnitude, and the optimum value of 6t is selected using the principle
that the St used with each operator be as close as possible to its maximum
allowed value while maintaining a symmetric sequence. Typical values for
transonic compressor blade rows are:
6tR = 10 6tE = 20 6tX (56)
A suitable, symmetric sequence in this case would be
U n20= [(LX(6t)) (L (26t))5 LR(20 6t)(Le(26t)) (LX(6t)) ] U ,k 57)
where the notation (L (p6t))m means m successive applications of the
L operator with a time step of p times 6t.
25
BOUNDARY CONDITIONS AND SPECIAL TOPICS
The computational domain illustrated in Figure 8 is bounded by open
surfaces (flow may cross surfaces), solid walls and inflow-outflow
boundaries. Formulations and implementation of boundary conditions at each
surface and Kutta condition are discussed in this section.
Solid Wall Boundary Conditions
The solid wall boundary condition appropriate for inviscid flow
computations is that of zero mass flux through the surface. This condition
is difficult to impose with uniform numerical accuracy in Euler equation
simulations because of difficulties in evaluating derivatives of fluid pro-
perties and velocities at the wall. In potential flow calculations this dif-
ficulty does not appear since this boundary condition reduces simply to
derivative of potential in direction normal to wall, being identically zero.
A concise illustration of the problem is given by considering the
integration of the continuity equation in two dimensions, as illustrated in
Figure 9. The continuity equation is:
- + (pu) +-a -(Pv) = 0 (58)
or since v = 0 at wall
+ L(pu) 0 P VO 0 (59)
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If the continuity equation is to be numerically integrated using
an explicit technique, the term a (pu) provides no difficulties but the
term p is difficult to evaluate with more than first order accuracy.
Using Taylor series:
vi vi,0 + 50 y + r 6Y2 +&d(y ) (60)
2~ IN
v)0 -v ] + dy2) (61)
No information about the second derivative of v is available to
enable evaluation to second order accuracy.
It is important to remember that this difficulty occurs for both
the conservation and non-conservation law forms of the continuity and energy
equations. In more complex flow geometries, where some type of body fitted
coordinate system like that introduced in the previous section is used, this
problem is not solved, only disguised.
Several numerical flow solutions have been published using this
reflection formulation with apparent good results (see references 10 and 11).
In addition Kreiss12 has demonstrated that for linear hyperbolic equations it
is sufficient for global nth order accuracy to maintain n-ith order accuracy
at the boundaries. The relevance of this statement for the Euler equations
which are hyperbolic but nonlinear has not been established, but published
solutions indicate that it may be at least a good guide for boundary con-
ditions formulation.
27
For simple flows or two-dimensional supersonic flows, the method
of characteristics may be used to compute flow solutions. Abbett1 3 has
published a comparison of several boundary condition approximations coupled
with second order accurate solution schemes, MacCormack's method in
particular, with method of characteristic solutions. Abbett found that
indeed the simple first order accurate scheme for [m usually provided
more accurate answers than more complicated schemes to calculate [3viI with[ay 0
second order accuracy. Another important result was that second order
accurate approximations using one-sided difference expressions often gave
very poor results.
It is important to recognize that these problems with specifying
the solid wall boundary conditions exist only for integrating the fluid
equations on the solid boundary. To integrate the fluid equations for in-
terior points only the pressure on the solid boundary must be known. Solid
boundaries, hub and tip casings or blade surfaces are mapped to coincide
with coordinate surfaces which means that the contravariant velocity com-
ponents UR, U , UX (equations 30, 31, and 32) will be identically zero on
these surfaces. MacCormack's method or any scheme using centered spatial
differencing will require either F or G, equation 24 or 26, on the boundary
but not both. If UR = 0, F is determined only by the wall pressure and known
coordinate derivatives. If UO = 0, G is also determined by the wall pressure
and known coordinate derivatives.
Fortunately the wall pressure can be calculated using the momentum
equation in the direction normal to the solid surface. Following reference




= (P) + - 2 z rel 2
(n jk,0 sR t )j
j ,k,0
where n is the surface normal, Q is the blade row rotation speed, us and
u are streamwise velocity components in the orthogonal boundary layer like
coordinate shown in Figure 10, Rs and R are surface radii of curvature in
this coordinate system, and (ir, ir) are unit vectors of the base (r,e,z)
coordinate system.
To be consistent with MacCormack's second order accurate scheme,
(aP/3n)Jk, should be evaluated with second order accuracy. This can be
done even though (p)jk,0, (us jkO and (u ) jko are unknown, by using:
~~sj,k,0 T j,k, Q n+f6n2(3
() = ) + ra) 8n + &(6n) 2  (63)
j ,k j kl D j klaur 2(u) (u ) + 6n + C(cUn) (64)5jk, S akn
(uT) =(uT) + T6n + 6(6n ) (65)
j,k,O j,k,l jk,1
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and so be evaluated with accuracy 6/(6n 2) if P/n) j kl and
(aus/3n) jkl are evaluated with accuracy &(6n). These derivatives can be
evaluated with this accuracy by a number of schemes; simple extrapolation, or
the first step of MacCormack's method are two examples. The remaining two
2 A
terms p(u /R t) and (iz xV rel) may be expressed similarly.
An important aside at this point is that there is some theoretical
basis, Kreiss reference 12, for the assumption that (aP/an) need be evaluated
with only accuracy 9(6n). This evaluation, using (66) as a guide, requires
only that we use (P)J (P) (u ) - (u ) and (u ) =j~, ~ ,, sj,k,O j,k,l j,k,O
(u )
A comparative study conducted with reference 14 has shown this par-
ticular scheme, with first order accurate OP/an) evaluation, to be the best
available scheme for mixed supersonic and subsonic flows. For purely super-
sonic two-dimensional flows, the method of characteristic type boundary for-
mulations proved best. For purely subsonic irrotational flows, all schemes
tested were adequate. The scheme proposed here performed well in both flow
regimes, and for these two-dimensional flow tests almost never required arti-
ficial damping for stability.
While (aP/an) is easily calculated numerically, the determination
of the wall pressure requires that this pressure gradient be expressed in the
stretched coordinate system (R,9,X). The normal pressure gradient is
simply the dot product of gradient P and the unit normal vector.
d ' = (VP) - n (67)
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The components of n, in physical space, are [y r' y, yz]. For
simplicity the pressure calculation on the hub or tip casing will be
discussed, which means that y,=. The expanded form of equation (67) is
Pa) rp + r p 6 + , 0, y (68)
__n Rrjr r 7 1 La) 'z [(Y 0 z)]
or
ap FraP~aR aPaxi + Y aP)aR fap) axf(9
Yr + +Laz + (69)
Finally the pressure gradient may be expressed as:
rap a .Y R-I .3_ X a
3 j 1r + -+ r Z (70)
This expression for (BP/an) may be considered as defining the components of n
in the computational space.
~cmp=[Lr+~ j L~ Yz (71)comp [Yr r + YZ -Z)"0"(r -r +z Z
Equation (70) expresses the pressure gradient along one grid line,
(aP/aR), in terms of the normal pressure gradient, (aP/3n), and the pressure
gradient along a second grid line, (3P/3X). The pressure gradient (aP/aR)
may be used to find the wall pressure.
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Using the notation of Figure 9, the wall pressure, P. may be found as:j ,k,0,
j,k,P Lj,k,1 jR k 6R if rap) is known to, (Y(6n) (72)
or
P. [4 P - P.- 3 SR if t jis (73)j,k,O 3 j,k,l - j,k,2 j k, 0 f
known to &(6n 2). Similar relations for the blade surface pressure may be
derived.
Problem Areas within the Standard Boundary Formulation
The standard boundary formulation of equations (62), (70) and (72)
or (73) while complete suffers from several practical problems which have
limited its full application. The difficulties are that all boundary points
are now "linked" and must be solved for simultaneously, that pressure is ill-
defined at corner points, and that surface radii of curvature, Rs and R , are
difficult to calculate accurately.
The appearance of (9P/3X) jkO in equation (70) is responsible for
linking the boundary points together since it must also be approximated by a
finite difference expression:
C =k, p +lkO - p j-lkO2 A X (74)P -Xj pk 0 j+1 k, j-1,k,
for example. This linking problem is quite vexing for a purely explicit cal-
culation and has been dealt with by the expedient of lagging the calculation
one time step so that (3P/3X) J,k, at time level n is approximated by
OP/ax) jjk,0 at time level (n-1). This approximation is quite good for the
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steady state or quasi-steady state problems generally encountered, and has
also been used with good results in references 10 and 15.
Corner points in a three-dimensional calculation present a dif-
ficult problem in these calculations since multiple definition of pressure at
these points can occur. The standard formulation provides little guidance on
the proper choice since the bounding surfaces are not orthogonal. The impor-
tance of proper definitions is illustrated by the disparity in reported solu-
tions for external flow corner problems in references 16 and 17. The corner
point problem has, in spite of its importance, been superceded by the problem
of accurate calculation of surface radii of curvature R and R . Ans T
illustration of this problem is shown in Figure 11, which shows a typical
supersonic blade section and the surface radius of curvature calculated from
manufacturing coordinates using both spline fit procedures and finite dif-
ference procedures. Curvatures are seen to be quite irregular and even
discontinuous at x/C = 0.7. These specific problem areas plus general dif-
ficulty in calculating second derivatives from manufacturing coordinates
implies that the surface radii of curvature are known to first order accuracy
at best.
Since the curvatures are known, with present coordinate
specifications, to only first order, the first order accurate equations for
(3P/3n) and wall pressure are sufficient. The radii of curvature variations
do of course cause oscillations in the wall pressure, but more importantly
oscillations in (P/X). which is an important term in equation (70). In
J ,k,0
blade tip sections these errors usually produce unacceptable variations in
wall pressure and in extreme cases instability. When accurate curvatures are
available (for example in the calculations presented in references 10 and 18,
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these problems do not exist; but in order to proceed with calculations for
less accurately known blade shapes, some further assumption is needed.
The best practical assumption appears to be evaluating (aP/aX) at
location I = 1 and not X - 0. This assumption, coupled with first order
accurate evaluation of (aP/3n), is equivalent to evaluating (3P/3n) on grid
line X - 1 with the assumption that the streamline radii of curvature are
equal to Rs and RT .
Boundary Conditions in a Staggered Grid System
The flux preserving boundary formulations discussed above have been
used with the weak conservation law form, equations (18), but a more natural
grid system for the non-conservation law forms, equations (17) was suggested
by Roache. This system retains most of the advantages of the flux pre-
serving boundary conditions while making the imposition of periodic boundary
conditions of the blade row and the Kutta condition much easier. This mesh
system and the equations (17) are included in the associated computer codes
as well as the weak conservation law forms and consistently give good
results. This mesh system illustrated in Figure 12 has no grid lines on the
solid boundary, but maintains the solid boundary midway between an interior
grid line and a dummy grid line. Meaningful fluid quantities are calculated
only for points interior to the flow and the exterior points are defined only
to implement the flux preserving boundary conditions. Wall quantities are
defined as having average values of
=+ f (75)i2W 2 Lfi, i,2
For the two dimensional example illustrated in Figure 12, dummy values of
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density, velocities and energy are found from reflection:
P = P U = U e = e ' v =,-v. (76)
The pressure is found as in the first mesh systems from equation (70).
Following Roache, these relations may be seen to be nearly equivalent to
the flux preserving conditions.
First, v = i (Vi 2 + vi) 0 as desired. Then wall mass flow
i wl + 2 19 il
(pv) - v i'l 2 = P, wiv = 0 as desired. (77)
Next wall momentum flux
12 -1 2 2 -T( 8
(pv4) = - LP v + P v = v 0
w 2 i,1 i,1 J2 vi, pil i,1
Thus this formulation does not directly conserve normal momentum flux. As
Roache points out, this flux term is still consistent with the original
equation in the limit of (6x,dy) -+ 0. Evaluating the momentum flux term as
would occur in any centered explicit scheme yields:
1 2 2 1 1 P2 (p2
-- (pv) = (pv) .1 - (pv)l = - (pv ) 1 -pv
Ly + 2 2 L 2 w+1j
= (p2) - p v+ + +~ &(5)2]
1+ 1 -(pv') w+1- 2~(9
= 2 v + 6 2 79





as (dy) + 0, 3 (Pv2) + _y as desired, so that system is consistent.
Periodic Boundaries
One advantage of the staggered grid system is the logical simplifi-
cation it brings to periodic boundaries as well as to leading and trailing
edge conditions. This grid system is illustrated in Figure 13 for the blade-
to-blade plane. Since no grid points are on the blade boundary, there are
no stagnation streamline like grid lines which divide and go around a blade.
Since the X and R grid stretchings are independent of 6, the blade-to-blade
running grid lines remain at constant (r,z) positions. The periodicity con-
ditions are implemented simply by using the fact that the conditions at k-l
are those of k-NTH-1 and conditions at k-NTH are those of k-2 as shown in
Figure 13.
For the nonstaggered grid illustrated in Figure 9, periodicity may
be maintained by:
= n ft ^n -nj,NTHz jNTHZ 603 j,NTH, G jNTH-1,lot
* n n ^n
U t G -Gj ,1,2 j,l,z 60 j ,1,Z j ,NTH- 1, (80)
and
An+1 _ (n A* 6~trA
NTH9 0.5* jNTHz + jNTH, 3, - jN 2, G jNTH , (81)
^n+1 - 6t5* On + -
U 
- -.l j,1,+ jZ,, j,2, j,
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if U, = U1TH, the periodicity condition, then
f? 3, ,1, x jNTH,,
Upstream or Inflow Boundary Conditions
Work described in this report has concentrated on isolated tran-
sonic compressor rotors for which it is difficult to establish proper inflow
upstream boundary conditions. It is well known that the bow shock system of
such rotors produces an upstream disturbance that, while small, propagates
far upstream as an acoustic disturbance. Two different studies have con-
centrated on this problem, reference 19 for small disturbance theories and
reference 20 for full Euler equation simulations. These studies adopted a
common model, that of an isolated rotor operating in an infinite duct. The
flow upstream is assumed to obey linear potential equations with the near
field and the far-field potentials matched on a surface several chords
upstream of the rotor. The upstream potential is expressed as the sum of
three components: a uniform axial flow, a two dimensional axisymmetric per-
turbation and a three dimensional perturbation.
tup =uniform + axi(r,Z) + $3D(rOZ) (82)
Extensive simulations for one rotor geometry in reference 19 using non-
reflecting boundary conditions showed that if the matching plane was located
three or more axial chords upstream then setting *3D(r,e,Z)zO was an
adequate approximation for the near-field solution. These same simulations
also demonstrated that the axisymmetric disturbance remained important even
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three chords upstream. Nearly the same conclusions were reached in reference
20 for two different configurations.
These potential flow results suggest that if computational domains
extend at least 4 to 5 chords upstream of an isolated rotor then it is not
necessary to model either the three-dimensional or axisymmetric disturbances.
Computational domains of this extent greatly increase computation times and
domains extending no more than 2 to 3 chords upstream are desired for reason-
able computation times. Computational domains of this extent require that
the axisymmetric disturbances be modeled with reasonable accuracy.
A simple upstream flow model which can be used to simulate either
potential or axisymmetric rotational upstream flows was proposed in reference
10. This model represents the upstream flow as an unsteady axisymmetric base
flow plus a more general but small disturbance. For the boundary conditions
adopted for this report, the small disturbance will be neglected; in the
potential flow case this is equivalent to neglecting *3D(r,6,Z). The
unsteady base flow is assumed to evolve from a steady axisymmetric
"far-upstream" base flow, which is partially specified and partially computed
from the interior solution. These boundary conditions are derived by repre-
senting the velocity as:
V = V(t,r,z) (83)
the pressure as:
P = P(t,r,z) (84)
38
and the density as:
p = p(t,r,z) (85)
Note that this definition will include both if and axi from reference
19 in the base flow V and P0 0
The equations describing'the base flow are continuity and the three
momentum equations and continuity:
DV - P (86)
Dt p
and
P + (pV) = 0 (87).
Dt
The base flow is also assumed to be isentropic.
Using as a coordinate system the modified cylindrical coordinate
J. s*n below , tUm equatU1J Wf LtcAy 1- -n cp ta La" U erJs.L %1Ate
tangential velocity and the meridional velocity,
in
VM = Vrir + Vzi MS  z -
The equations of motion written in a general orthogonal curvilinear coordinate
system are
;p + 1 (hmhepu ) + 9(hnh6pum) + 3(h hPu)l = 0
3t h h h 8 -mn am 96
3un + un u3 nu + n+ u 3 n + unum h + unU hn (88)
Q. L T h( 3 hnhm T hnh- 6'77 h hnm n- -
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Since u = 0, by definition and 0 by assumption, these
equations reduce for the base flow to,
a ua h
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The first two equations may be rewritten in characteristic
form using the isentropic relation,dp = a2 dp , as
au u rau
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The third equation, (93), is already in characteristic form.
Du u u 3h
Dt h h am













which implies that an isentropic flow exists along each streamline from the
"far-upstream" condition to the computational domain inflow boundary.
At each point on the inflow boundary four pieces of information
must be supplied in order to calculate the flow variables. For transonic
compressor rotors, the upstream meridional Mach number is always less than
one, and the J characteristic is an upstream running characteristic. The
J characteristic is always a downstream running characteristic. The charac-
teristics associated with equations (100) and (101) are simply the convection
path. Thus three pieces of information may be specified independently at the
inflow boundary.
This situation is illustrated for a single spatial dimension in
Figure 14. For this formulation the solution does not exist for x < 0 and is
assumed to be known at time level n6t. At the node point (n+l, 1) three
characteristics are incident: a convection characteristic, an upstream
running J characteristic, and a downstream running J characteristic. Thei r
value of the J characteristic is known, but the information carried along
the remaining characteristics must be specified.
(J+ )n+l _ n+l + 2 n+l
r 1 M_ a 1  (102)
(J) = + - an+ 2 - a2 (103)
At the open boundary (j=l), (u )n+l or an+ may be specified in order
+ n+1to determine the Jr characteristic value. When a1 is specified, Jr I r
takes the value:
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J+ J. + a n+l (104)
r i y-1 1
When (u ) n+ is specified, J takes the value
m I r
J = 2(u )n+1 J. (105)
r m 1 i
For the computer codes described in the report, the inflow boundary
is assumed to be located far enough upstream that the radius of curvature of
streamlines is large enough that the curvature term (1/hm h )(3h /3m) may be
neglected. The resulting equations describing the upstream flow are:
D J = 0 (106)
Dt







The constraint equation, equation (94), is not used and the grid is
constructed such that the hub and tip casing slope are zero at the inflow
boundary so that ur may be assumed to be zero.
Two input options are provided in the computer code for specifying
the inflow boundary condition. The primary option uses the freedom to spe-
n+l
cify a1  to maintain constant values of total pressure and total tem-
perature at the inflow boundary. The user may specify the values of total
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pressure and temperature as a function of radius but may not specify the
inlet velocity. This option is the normal one and does not specify the inlet
mass flow rate. With some initial conditions, this inflow boundary condition
optign can become unstable. A second option is provided for use with the
unstable option 1 cases. In option 2, the value of the downstream running
characteristic, J, is specified directly by specifying the desired value of
r
the uniform far-upstream Mach number. The value of the J characteristic is
r
calculated as:
J+ =(u ) + -2 = a (M + M1(110)
r mup y-l up Ya1 a0 oupy-J
Use of option 2 will usually lead to a small total pressure error at the inflow
boundary.
For both options, once values for J and J. are known, the values
r 2.
n+l n+l
of u 1  and a are calculated using equations (102) and (103). The
,Tn+l n+l n+lvalues of 1 , p1  , el are calculated using the input values of
total temperature and the isentropic flow relations. The value of
n+1 n+l
(u ) is specified by the user and the radial velocity (ur ) is
assumed to be zero. For option 2, the Jr characteristic value is specified
by the user, while, for option 1 the Jr characteristic value is selected
n+1through iteration on the value of aito match the input value of total
pressure.
Downstream or Outflow Boundary Conditions
Outflow boundary condition formulations closely follow the model
for the inflow boundary conditions, equations (91) through (94). However,
for subsonic flow, as shown in Figure 15, only one characteristic, Jr'
brings information into the computation domain. For supersonic flow, no
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characteristics bring information into the computational domain. For sub-
sonic flow, the information to be specified is the far-downstream static
pressure, while, for supersonic flow, no downstream boundary condition may be
imposed. The downstream boundary is assumed to be located far enough
downstream that the streamline radius of curvature may be assumed to be zero












Since the swirl velocity on the outflow boundary is determined by the
interior solution, the exit static pressure may not be specified arbitrarily
as a function of radius. To avoid this problem a static pressure on the
inner casing is specified and the radial static pressure variation is calcu-
lated from equations (113) and (114). The exit static pressure variation is
calculated by first extrapolating the theta-averaged values of J and u0 to
the last computational plane (j-Nx) from the upstream computational planes
(j=NX-1 and j-Nx-2). The resulting centrifugal force gradient at the outflow
plane is balanced by the radial pressure gradient. The radial pressure gra-
dient is calculated from equation (113), using the extrapolated values of
u and density, p, by trapezoidal rule integration. The final exit density
and speed of sound, a, are then calculated using the isentropic flow
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assumption, equation (114). The exit velocity is then calculated from the
value of the extrapolated J characteristic. The radial velocity is also
assumed to be zero.
These boundary conditions are equivalent to the physical
constraints imposed when a compressor is tested. Inlet or reservoir con-
ditions are specified, usually atmospheric stagnation conditions, and the
inlet swirl velocity is specified, usually zero. Downstream of the
compressor, some throttling device is used to determine the compressor
operating point. A particular operating point is determined by the intersec-
tion of the compressor characteristic and the throttle characteristic. The
operation of this device could be simulated by specifying either the
compressor static pressure ratio or the mass flow. It is computationally
somewhat easier to specify the rotor static pressure ratio.
No attempt was made to calculate the actual flow at the throttle or
exit boundary, and hence account for the effect of disturbances there. Such
a calculation, especially in the strongly rotating flow downstream of the
rotor, is potentially as difficult as the through-flow calculation itself.
This simplification does imply some inconsistencies at the boundaries, while
at the upstream boundary the transmission of acoustic disturbances is
falsified; at the downstream boundary vorticity convection is distorted. The
acoustic disturbances carry very little energy and their falsification has
been shown to have very little influence on the flow over the rotor. When
the downstream perturbations are not calculated, the effective model of the
flow beyond the downstream computational boundary is one which is axisym-
metric and uniform in the streamwise direction. Such a flow can have no
radial vorticity and is potentially inconsistent with the blade flow solution
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if that solution requires a significant amount of radial vorticity to be pre-
sent at the computational boundary. For the present calculations, this
inconsistency does not appear to be important even though some radial vor-
ticity is shed by the rotor.
Kutta Condition
The Kutta condition, a uniqueness condition imposed on inviscid
flow solutiong in order to approximate the true viscous, flow solution, is
imposed quite simply for the compressor rotors studied. No attempt is made
to model blunt or cusped trailing edges. Instead, the flow at the last axial
grid points on the pressure and suction surfaces is assumed to be parallel to
the blades and to have equal static pressures. This condition is adequate
for compressor rotors designed to have subsonic outflow, but would require
modification for turbine blade rows having supersonic outflow.
Spinners
Several attempts were made to model a spinner, including one that
would smoothly merge with the centerline, but these attempts were
unsuccessful. High radial velocities tended to build up at the points close
to the centerline, resulting in mass flow defects of the order of 5%. Since
r=O is a singular point in a cylindrical coordinate system, the implemen-
tation of boundary conditions at the centerline can pose some problems. In
addition, the centerline is a stagnation streamline, and stagnation points
pose stability problems. In view of the above problems, the spinner was
finally replaced by a cylindrical centerbody with a hub to tip ratio of 0.3.
Several promising attempts to deal with centerline procedures in a cylindri-
cal coordinate system have been published (see reference 21 for example), and
the spinner problem should now be re-examined.
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COMPUTER CODE DESCRIPTION
The numerical procedures previously described have been implemented
in two computer programs. The first, MESH3D, generates the finite difference
grids, interpolates blade geometry data from manufacturing coordinate sec-
tions to the finite difference grid, computes blade normal vectors and
curvatures, and generates coordinate stretching derivatives (3R/3r) etc.
The second, BLADE3D, generates initial conditions if desired, integrates the
appropriate equations of motion, and prints a solution matrix. A third pro-
gram, GRAPH3D, produces two output files which may be used for user defined
graphics ,nd produces some rudimentary graphics output.
Grid Generation Program: MESH3D
The grid generation program has four important geometric inputs:
1) (r,z) coordinate pairs describing hub and tip casing shapes; 2) (r,z)
coordinate pairs describing location of blade row leading and trailing edges;
3) (r,z) coordinate pairs describing damper geometry where applicable; and 4)
(r,O,z) coordinates describing the blade row geometry.
Operation of MESH3D on these geometric quantities is best described
using Figure 16 (the axial grid numbering scheme) and Figure 17 (simplified
MESH3D flow chart). The input to the main program is the grid numbering
information, particularly the axial grid numbering scheme, which is necessary
to size the finite difference grid and control its generation. Subroutine
XRGRID controls the input of all axisymmetric geometric data and generates
(r,z) coordinates of the finite difference grid and calculates some of the
coordinate stretching derivatives [(aX/3z), (aX/3r), (3R/3r), (3R/3z)].
Subroutine CALT controls input of blade surface geometry, interpolates this
data onto the finite difference grid, calculates blade normal vectors, and
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calculates blade radii of curvature. Subroutine BLDT calculates [(0/ar),
(30/36), and (30/3z)] and creates an input file for BLADE3D containing all
the required blade geometry information. Subroutine BUILD calculates hub
and tip normal vectors as well as the radius of curvature along the axial
direction, and subroutine SVGRID creates input files for BLADE3D containing
all required information about grid coordinates.
Numerical Integration Program: BLADE3D
The numerical integration program is modular in operation, can be
executed either on large mainframe computers or on minicomputers with a mini-
mum of code changes, and is inherently restartable. A simplified flow chart
of BLADE3D is shown in Figure 18. The main program input describes the
axial grid numbering scheme (which is identical to that of MESH3D), describes
the operator sequence to be executed, the integration time step, and the
number of operator sequences to be executed. Subroutine OPEN begins the
calculation setup process by reading two data files generated by MESH3D
which describe the blade row geometry. Subroutine START completes the setup
process either by reading a previous solution matrix (solution vector U at
all grid points) or generating a new starting solution. Subroutine THREE
controls printing of starting and final solutions as well as execution of the
requested operator sequence. The finite difference operators equations
(40-44) are implemented in subroutines BLOCKX, BLOCKT, and BLOCKR.
Subroutine CLOSE outputs the final solution matrix. A lengthy calculation
will usually be run in several sections, and this operation of START and
CLOSE provides a needed restart capability since the intermediate results are
available for backup.
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Graphical Output Program: GRAPH3D
The graphics output program produces two solution matrix data
files which contain all information needed for user defined graphics
packages. The first file contains for each node point in the finite
difference grid its physical space r,G,z coordinates, the solution vector
[rp, rpu , rpu6 , rpuz, rEt] and a modified solution vector [Pt, Mr, Me'
M , T ]. The second file contains the computed streamline positions inside
the blade row volume. The starting point for each streamline calculation is
a finite difference grid node at the rotor leading edge. This second file
contains the (r,O,z) coordinates of a streamline position and the solution
vector at that point, [rp, rpur, rpue, rpuZ, rEts Pt, Mr, Me, Mz" T].
The computed streamline positions thus correspond to the traditional Sl
and S2 streamsurface definitions.
In addition to these data files, GRAPH3D also produces printer/
plotter plots of blade surface pressure and Mach number for each radial
grid plane and each S2 surface.
For user convenience, a subroutine, called USERREAD, is included
with GRAPH3D which may be used to read the two solution matrix data files.
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INPUT DICTIONARY FOR MESH3D
Input variables may be described in any consistent set of units
since the MESH3D and BLADE3D programs contain only non-dimensional units.
The length scale selected is usually the tip casing radius at the farthest
point upstream; the velocity scale selected is the stagnation temperature
speed of sound at this same point. Each time geometric quantities are
input, a scaling factor is required which converts any dimensional
geometric quantity into a nondimensional quantity. In this way, the most
convenient set of units may be input for each geometric quantity, which is
then nondimensionalized by the code. In addition when axial coordinates
are input, a coordinate system origin adjustment factor is also required.
This additive factor corrects possible coordinate origin differences bet-
ween sets of geometric input. The input variables for MESH3D in the
order they appear in Table 4.1, are the following:
MAIN PROGRAM INPUT
TITLE Title for problem identification, any information may appear in the
first 70 columns.
NBL Number of blades in row, must be > 1.
NX Number of axial grid planes, must be 3 < NX ( 100
NTH Number of theta grid planes, must be 3 < NTH < 17
NR Number of radial grid planes' must be 3 < NR < 18
*Nl Axial plane containing the blade row leading edge
*N2 Axial plane containing the blade row trailing edge
*Note: N2-Nl must be an even integer < 50.
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KUTTA Axial plane at which Kutta condition is to be applied.
KUTTA = N2 normally.
ILE Axial plane containing the damper leading edge. A value of
0 indicates no damper.
ITE Axial plane containing the damper trailing edge. A value
of 0 indicates no damper.
SPHALF Mesh type parameter. If = 0, then first mesh system is
generated. If = 0.5 the second or staggered mesh system is
generated. Only the staggered mesh may be used with the
current version of BLADE3D, so SPHALF = 0.5 should be used.
IAN Type of transform derivative calculation. If IAN = 0
then metric calculation done by finite difference method
using node (r,e,z) positions and if = 1 metric calcula-
tion is done by analytic functions. IAN = 1 is
recommended.
IWR FORTRAN unit number for MESH3D bulk output, may be equal
to 6 or greater than 9.
IDMP MESH3D debug output flag, allowable values are
0 => none (recommended value)
1 => SUBROUTINE GRID output
2 -> SUBROUTINE INTER output
3 => SUBROUTINE GETTHA output
4 => SUBROUTINE CALDR output
5,6 => SUBROUTINE CALDER output
-1 => All subroutines (not recommended)
KX Axial coordinate packing factor. KX = 0.1 corresponds
to non-packed grids. KX = 3.0 corresponds to highly packed
grids. See special instruction number 1 for aid in
selecting KX.
Al Radial Grid line relaxation factor, used to make com-
putational space grid lines approximate Z = constant lines
near inflow and outflow boundary. A value of 3.0 appears
to be best. See special instruction number 1 for aid in
selecting Al.
TOL Convergence tolerance on axial grid plane positions. A
value of 0.0001 is a tight tolerance and a value of 0.001
is recommended.
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IAB Convergence choice parameter. A value of 0 will cause
axial plane position calculation to abort after 10
iterat'ions. Nonconvergence is usually caused by input
errors in either tip and hub casing positions or leading
and trailing edge positions. A value of 1 allows uncon-




NRH Number of coordinate pairs describing hub casing contour.
2 < NRH < 50.





XH and RH Coordinate Pairs describing hub casing contour.
TIP Coordinates
NRT Number of coordinate pairs describing tip casing contours.
2 < NRT < 50.
SCALE2 Input tip coordinates will be scaled as:




XT and RT Coordinate pairs describing tip casing contour.
Leading Edge Coordinates - See Also Special Instruction Number 2
NZLE Number of coordinate pairs describing leading blade edge
location. 2 < NZLE < 20
SCALE3 Input leading edge variables scaled as:




Coordinate pairs describing blade leading edge contour.ZLE and RLE
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Trailing Edge Coordinates
NZTE Number of coordinate pairs describing blade trailing edge
contour. 2 < NZTE < 20
SCALE4 Input trailing edge variables scaled as:




DAMPER COORDINATES - SKIP IF BLADE ROW HAS NO DAMPER
Damper Lower Surface
XTE, ZTE Coordinate pairs describing blade trailing edge contour.
NZL Number of coordinate pairs describing damper lower
surface. 2 < NZL < 20
SCALE5 Input damper lower surface variables will be scaled as:




ZLL; RL Coordinate pairs describing damper lower surface.
Damper Upper Surface
NZU Number of coordinate pairs describing damper upper surface.
2 ( NZU < 20
SCALE6 Input variables will be scaled as:




ZU, RU Coordinate pairs describing damper upper surface contour.
Cl Location of damper in computational space. 0 < Cl < 1.0;
Cl may take only certain values, see special instruction
number 3.
Subroutine CALT Input
TITLE2 Title Card for blade geometry input set.
NPTS Number of points on a specification line, see Figure 19
and special instructions. Maximum value is 25.
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Number of stacked blade sections, see Figure 19. Maximum
value is 15.
Input blade data scaled as:
Z = (Z + ADJ7)/SCALE7
R = R/SCALE7
Blade geometry input flag, either 0 or 1.
See discussion below for option forms.
Number of blades in blade row.
Coordinate origin adjustment factor.
MID(I,J,K) Three dimensional coordinate array of blade pressure and
suction surface positions. First index varies from 1 to
NL, while second index varies from 1 to NPTS. For the
third index a value of 1 is used to store radial
coo-rdinate; a value of 2 is used to store axial coordinate;
a value of 3 is used to store theta coordinate of pressure
surface; a value of 4 is used to store theta coordinate of
suction surface. See also special instruction number 4.
Variable Comments
MID(lJ,1) NPTS Z coordinate values for blade section #1







MPTr 7valuea feor- MnA amection OT.
NPTS R coordinate values for blade section #1
NPTS R coordinate values for blade section #NL
NPTS values of either 0MCL or 6
section #1
NPTS values of either 0MCL or 6
section #NL
NPTS values of either 6 or 0
















Special Notes and Restrictions on Input Variables. for MESH3D
1. The best values of KX and Al can only be determined by trial
and error. A small value of KX (0.01) leads to nearly unpacked X-R grids,
see figure 20. Larger values of KX progressively pack X-R grid planes near
the blade leading and trailing edges while increasing the grid spacing in the
far field, see figures 20 and 21. The best value of Al depends on KX and
should be selected after KX is selected, see figure 22.
2. Due to the placement of X-0 grid planes outside the normal hub
and tip casings, it is imperative that definitions of blade leading edge and
trailing edge geometry be continued at least 10 percent of blade span outside
the hub and tip casings.
3. The constant C determines the part-span shroud placement in
computational space. The restriction on shroud placement is that it must lie
midway between two X-e grid planes. Thus the values of C are restricted to
FLOAT[(IDL-1)/(NR-2)]. IDL is the number of the X-0 grid plane immediately
below the damper. It is suggested that to generate a grid containing a part-
span shroud that first a grid without a part-span shroud be generated. The
values of ILE, ITE, and IDL may then be determined by inspection.
4. Blade geometry is given by four two-dimensional arrays, each
row of which describes a blade section. Blade sections are numbered from 1
to NL. The first blade section at the hub and the last one at the tip shall
not necessarily conform to the hub or tip casing profile, but may be given
within the flow region, crossing the boundary, or completely outside of the
boundary. Column 1 and column 2 are used to describe the axial and radial
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positions of the blade section, while column 3 and column 4 will describe
either the angular position of the mean camber line (in radians) and the
tangential thickness (in radians) of the blade section or the angular posi-
tion (in radians) of the blade pressure surface and the angular position of
the suction surface of same blade. Option flag IM = 0 requires mean camber
line and thickness while I = 1 requires positions of pressure and suction
surfaces. See Figure 23 for definition of tangential thickness. These blade
coordinates are stored in the single three-dimensional array MID(I,J,K).
5. All variables allocated 5 columns in Table 4.1 are
integer variables and must be right justified. All variables allocated 10
columns are real variables which should have decimal point included.
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Table 4.1. Input Card Format for MESH3D








KX Al TOL IAB
NRH ISCALEl ADJi I
XH (1) RH (1)
XH(NRH) RH(NRH)
NRT SCALE2 ADJ2
XT (1) RT (1)
XT(NRT) XT(NRT)
NZLE SCALE3 ADJ3
















XTE (NZTE) RTE (NZTE)
Trailing Edge Coordinates
NOTE NEXT SET OF DESCRIPTOR CARDS *
* ARE PRESENT ONLY IF A DAMPER IS *
* INCLUDED IN THE SOLUTION
NZL SCALE5 ADJ5
ZLL(l) RL(l)
ZLL (NZL ) RL(NZL)
NZU SCALE6 ADJ6
ZU () RU (1)
ZU (NZU) RU (NZU)
Cl
Damper Lower Surface Coordinates
Damper Upper Surface Coordinates
NOTE INPUT SEQUENCE RESUMES HERE *
* IF NO DAMPER IS SELECTED
TITLE2




1 11 21 31 41 51 61 71
MID(1,1,1) to MID(NPTS,1,1) NL SETS OF NPTS POINTS. BLADE Z COORDINATES.
MID(1,2,1) to MID(NPTS,2,1)
MID(1,NLl) to MID(NPTSNL,l)
MID(1,1,2) to MID(NPTS,1,2) NL SETS OF NPTS POINTS. BLADE R COORDINATES.
MID(1,NL,2) to MID(NPTSNL,2)
MID(1,1,3) to MID(NPTS,1,3) NL SETS OF NPTS POINTS.BLADE CL PS
- COORDINATES
BLADE t or 0
MID(1,1,4) to MID(NPTS,1l,4) NL SETS OF NPTS POINTS. SS
MID(lNL,4) to MID(NPTSNL,4)
- , .", .rns77~@C',. 7l'mi i ..ri~~ p e.mi~s., l 1777777 L 11  .. .1.
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INPUT DICTIONARY FOR BLADE3D
The input variables for BLADE3D, in the order they appear in
Table 4.2, are the following:
TITLE Title for problem identification, any information may
appear in the first 70 columns
NBL Number of, blades in row, must be > 1
NX Number of axial grid planes, must be 3 < NX < 100
NTH Number of theta grid planes, must be 3 < NTH < 17
NR Number of radial grid planes, must be 3 < NR < 18
Nl Axial plane containing the blade row leading edge
N2 Axial plane containing the blade row trailing edge
KUTTA Axial plane at which Kutta condition is to be applied.
KUTTA - N2 normally.
JL. aA.j CXJ.L CL V4XLL - %.... L J. LA.L L L 4.&L= %ALLaJf A-. J. C L 6 %&. L L V&.L= %J A.
0 indicates no damper.
ITE Axial plane containing the damper trailing edge. A value
of 0 indicates no damper.
IDL Radial grid line below damper, see Figure 16. If no damper
then IDL - 1.
IDH Radial grid line above damper, see Figure 16. If no damper
then IDH = NR.
IFCL IFCL=0 gives non-conservation law form equations, see
equation 17. IFCF=l gives full conservation law form, see
equation 18.
IROT If IROT=0 the fully unsteady equation sets, equation 17 or 18,
are used. When IROT=l a pseudo-unsteady equation set is used
in which the energy equation is replaced with a constant
rothalpy assumption.
Ratio of gas specific heats, usually 1.4.GAMMA
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W Blade row angular rotation speed parameter equal to
(Wrtip/ao). is rotation speed in radians per second,
r is for upstream tip radius (reference length for non-
dimensional lengths), a is far upstream stagnation speed
of sound on tip streamline (reference velocity for non-
dimensional velocities).
CAPPA Artificial viscosity parameter, usually equal to 0.5. A
value of 0.1 would be very low damping while a value of 1.0
would be high damping.
PDOWN The static pressure to be set on the last axial grid point
at the hub radius. This pressure, (P/p a 2 ), controls the
blade row pressure ratio.
INOPT INOPT=1 corresponds to inflow boundary condition option 1 in
which the user specifies the upstream total pressure and
temperature. INOPT=2 corresponds to inflow boundary condition
option 2 in which the user s ecifies upstream total tempera-
ture and the values of the Jcharacteristic (see inlet B.C.
discussion).
NUTH Number of radial positions and absolute tangential velocity
pairs which specify inlet tangential velocity as a function
of radius. If NUTH=l, a constant value of UTHIN is produced
and the input value of RUTH is ignored. NUTH must be - 20.
RUTH, UTHIN Radial position and absolute tangential velocity theta averaged.
UTHIN = U(/a and RUTU is the scaled radius, RUTH = R/Rref'
NTT Number of radial positions and total temperature pairs which
specify inlet absolute total temperature as a function of
radius. If NTT=l, a constant value of TTIN is produced and
the input value of RTT is ignored. NTT must be 20.
RTT, TTIN Radial position and absolute total temperature, theta
averaged. TTIN is the ratio between the local total tem-
perature and the reference temperature. The reference tem-
perature is defined by a = IyRT and RTT is the scaled
radius, RTT - R/R . 0ref
NPT Number of radial position and total pressure pairs which
specify inlet absolute total pressure as a function of
radius. If NPT=l, constant value of PTIN(J) is produced










IOP J - 1
IML J - 2
IEX J - 3
NPl
Radial position and absolute total pressure, theta averaged.
PTIN is the ratio between the local total pressure and the
reference stagnation pressure. P = 1/y and RPT = R/R .
When INOPT = 2, J values are input instead of PTIN. ref
Far upstream uniform absolute meridional Mach number. Used
only when initial conditions are generated by BLADE3D.
Scaled time step to be used. If DT = 0.0 then time step
is selected by program. See special instruction for rules
for selecting DT.
Number of split operator cycles to be run. Several hundred
operator cycles are usually required for a solution. Each
cycle advances the solution several time steps. Solution
is usually run only a few hundred cycles at a time to pro-
vide a restart capability.
If IBEG = 1, a starting solution is generated.
The MacCormack operator sequence to be run is stored in a
two-dimensional array, NOR-(10,3). Each row specifies an
operator (X direction, 0 direction or R direction), the
number of times each operation is to be executed and the
time step multiple to be used. The entire operator
sequence is executed NSTEP times.
The individual codes associated with each row are:




See special instructions and input card format sheet for
more information about operator sequence.
Number of different sets of solution matrix information to
be printed before operator sequence is begun.
Determines type of printed solution variables.
instructions for definition of allowed values.
See special
First axial station to be included in printed information.




















First radial station to be included in printed information.
Last radial station to be included in printed information.
Number of different sets of solution matrix information to
be printed during operator sequence. If NP2 = 0, no inter-
mediate results are printed .
Solution matrix is printed before the first operator
sequence, after NSTEP sequences, and after every NTIlAES
sequence during the solution integration. NTIMES - 0 gives
no intermediate printed results.
Determines type of printed solution variables. See special
instructions for definition of allowed values.
First axial station to be included in printed information.
Last axial station to be included in printed information.
First radial station to be included in printed information.
Last radial station to be included in printed information.
Number of different sets of solution matrix information to
be printed after operator sequence is completed.
Determines type of printed solution variables. See special
instructions for definition of allowed values.
First axial station to be included in printed information.
Last axial station to be included in printed information.
First radial station to be included in printed information.
Last radial station to be included in printed information.
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Special Instructions for BLADE3D Input
1. DT is the non-dimensional integration time step. DT
[(Sta )(r ref. The maximum DT in the absence of artificial damping or
shock waves is given by equations 53, 54 and 55 and is printed out with each
execution of matrix print routine. This maximum value must be reduced by
approximately 40% for calculations with strong shocks. The suggested maximum
value of DT is printed at the end of each code run.
2. The sequence of MacCormack split operators to be run must be
determined for each case using the principle that (DT) x, (DT)R and (DT)e
should be as close to the maximum allowed value while maintaining a symmetric
sequence, as described by MacCormack.2 See also equation 51.
Denoting the operators as L (DT ), L0 (DT 0 ), LR (DTR), then a simple
sequence may be written as:
7,n+2 =rT fI R N T x x U L" .A JD% U0 L~ J.1 JR e DV A\o.L)j\jJ JU 4 .0J_ .
which advances the solution from time level n to level n + 2. This sequence
assumes (DT ) (DT ) and (DT ) :.5(DTR) . A more typical
x E) x ~ .(TRAmrtyia
max max max max
sequence for transonic compressors arises when
(DT) 10 (DT 20(DT
R CDT) ))
max max max
A suitable, but non-unique, sequence for this case would be:
-n+20 = [10 L (DT ), 5L G(2DTG), L R(20DT), 5LG(2DTe), 1-Lx(DT n)]
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In general an operator is described by three parameters: the base time step
(DT), a time step multiple (1, 2 or 20 above), and an execution multiple (10,
5 or 1 above).
The full operator sequence is stored in NOR(I,J) which for above

























The operator keys are 1 + L , 2 + LE,
tors in a sequence is 10.
3 + LR and the maximum number of opera-
4. The value of CODE(I) determines the solution variable to be









1 Conservation variables (rp, rpur, rpue, rpuz, rpEt)
2 Physical variables (p, ur, uO, uZ, E t
3 Physical variables in coordinate system rotating with
blade row (p, Mr, Merel, Mz ,P)
4 Physical variables in coordinate system rotating with
blade row (Pt, Mr, M rel, Mz Tt
5 Physical variables in laboratory coordinate system
t, Mr' '' Mz, Tt
In addition, when codes 4 and 5 are selected, a summary of mass-flow-weighted
axisymmetric variables is presented.
5. All variables allocated 5 columns in Table 4.2 are integer
variables and must be right justified. All variables allocated 10 columns
are real variables and should have decimal point included.
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Table 4.2. Input Card Format for BLADE3D
1 6 11 116 21 26 31 36 41 46 51 56 161 66 71 76
TITLE
NBL
NX NT H NR
N1 N2 KUTT ILE ITE
IDL IDH IFCL I-0T






















*** UP TO 10 CARDS DESCRIBING
*** OPERATOR SEQUENCE ARE NEXT.
* SEQUENCE IS TERMINATED BY A BLANK
*** CARD. SEQUENCE IS STORED IN NOR(I,J)
IOP IML IEX
UP TO 9 MORE DESCRIPTOR CARDS
BLANK CARD
NP7
CODE JST JEND LST LEND
***NPl-1 MORE CARDS DESCRIBING TYPE
*** OF PRINTED OUTPUT DESIRED BEFORE THE OPERATOR SEQUENCE
NP2 NTIMES
CODEJJS T JEND LST LEND
*** NP2-1 MORE CARDS DESCRIBING TYPE
*** OF PRINTED OUTPUT DESIRED AFTER THE OPERATOR SEQUENCE
NP3
*CODE JST JEND LSTjLENDJ
*** NP3-1 MORE CARDS DESCRIBING TYPE
* OF PRINTED OUTPUT DESIRED DURING THE OPERATOR SEQUENCE
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Data Files Used for MESH3D, BLADE3D and GRAPH3D
Several data files are used by MESH3D, BLADE3D and GRAPH3D as
input files, scratch files, and permanent storage files. These files and
their characteristics are shown below.
Table 4.3. Data Files for MESH3D
FORTRAN
Unit
Number Type of File Comments
1 Scratch Used by BLDT
UNFORMATTED
2 Permanent Used by RGRID, INSEC, GETTHA, CALDR, CALDER
UNFORMATTED for scratch file and BLDT for creating file
TGEOR to be used by BLADE3D
3 Scratch Used by XRGRID, RGRID, BUILD
UNFORMATTED
4 Permanent Used by GETTHA, CALDR, CALDER,
UNFORMATTED BLDT as scratch file and BUILD for creating
file GEOM (to be used by MESH3D)
5 Input Data All Input Data in this file. Used by
- FORMATTED MESH3D, BLADE3D, XRGRID, FILL, RMID
6 Output Data Hessage and Error file used by all routines
FORMATTED
8 Scratch Used by INSEC, GETTHA, CALDR, CALDER
UNFOR4ATTED
9 Scratch Used by CALDER, BLDT
UNFORMATTED
12 Permanent Used by SVGRID to create file SVSAVE which
UNFORMATTED contains r,6,z coordinates of grid nodes
IWR Output Data Used by all routines as an optional bulk
FORMATTED output file
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Table 4.4 Data Files for BLADE3D
FORTRAN
Unit
Number Type of File Comments
1 Permanent Initial solution matrix storage
UNFORMATTED used by START
2 Permanent Blade geometry for MESH3D, file TGEOM
UNFOMATTED used by OPEN
3 Permanent Axisymmetric geometry file from MESH3D,
UNFORMATTED file GEOM used by OPEN
5 Input Data All input data in this file, used by MAIN
FORMATTED program and MTHREE
6 Output Data Used by all routines for Printed Output
FOMATTED
7 Permanent Final solution matrix written by CLOSE
UNFORKATTED
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Table 4.5 Data Files for GRAPH3D
FORTRAN
Unit
Number Type of File Comments
1 Permanent Solution Matrix File from BLADE3D
UNFORMATTED unit number 7
2 Permanent File TGEOM from MESH3D unit number 2
UNFORMATTED
3 Permanent File GEOM from MESH3D unit number 4
UNFORMATTED
4 Permanent File SVSAVE from MESH3D unit number 12
UNFORMATTED
5 Permanent Grid Numbering Information from BLADE3D
FORMATTED unit number 5
6 Output Data Used for Printed Output
FORMATTED
7 Permanent Solution Matrix Storage for Entire Finite
UNFORMATTED Difference Grid
8 Permanent Solution Matrix Storage for Sl-S2 Stream
UNFORMATTED Surfaces
Description of Printed Output for MESH3D
The printed output from MESH3D consists of a message and error file
which reproduces the axial grid numbering information, a running execution
sequence log for major subtoutines, and a bulk output file. This message
file is of critical importance in locating input or logical errors in MESH3D
operation. A sample message file is shown in Figure 24. The initial portion
reproduces the axial grid input data, and if any parameter is outside of
allowed ranges an error message will be printed in this file. Program execu-
tion terminates when an input error is found. After successful completion of
each principal subroutine a message is printed. This run file also contains
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a set of warning messages from subroutine CALT which are generated when the
blade row geometric input data must be extrapolated rather than interpolated.
Printed values of blade row normal vectors and curvatures should be closely
monitored to insure that the linear extrapolation performed represents the
blade row geometry adequately. No further warning or error messages are nor-
mally produced by CALT, BLDT or BUILD.
The bulk output from MESH3D reproduces the geometric input data and
the calculated results from MESH3D. Figure 25 illustrates the raw data input
check for the hub and tip casing geometry, leading and trailing edge
geometry, and damper geometry. This data is the "as read" geometry for each
input data class. Figure 26 illustrates the scaled data smoothness check for
XRGRID input. This data includes the scaled axial and radial coordinates and
the first and second derivatives of radial position with respect to axial
position. Small errors in these input quantities are usually quite apparent
because of their influence on the second derivatives. The principal output
from subroutine XRGRID is illustrated in Figure 27 and consists of the axial
and radial positions of the x and r coordinate line intersections in physical
space for each axial grid station. The calculated metric derivatives
(ax/az), (ax/ar), (aR/ar) and (3R/az) are also shown.
Bulk data output for subroutine CALT is the scaled blade row
geometry as well as first and second derivatives of theta position with axial
position for both pressure surface and suction surface. Best results from
the calculation program BLADE3D are obtained when the first and second deri-
vatives are smooth. When "jumps" in either derivative occur special care
should be taken to insure that the input data accurately represents the blade
design intent. This bulk output is illustrated in Figure 28. The blade row
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normal vectors and radii of curvatures calculated from the input geometric
data are illustrated in Figure 29. This data is presented for each axial
grid station inside the blade row. Special attention should be paid to the
calculated radii of curvatures since small input errors greatly affect their
value. This output is generated by subroutine BLDT.
The final bulk output from MESH3D is generated by subroutine BUILD
and consists of the hub and tip slope and radius of curvature and the value
of the transformation Jacobian, equation 23, for each axial and radial
station. This output is illustrated in Figure 30.
Printed Output for BLADE3D
The printed output from BLADE3D begins by reproducing the input
card file directing a particular solution pass. Figure 31 illustrates output
from this first section. Particular attention should be paid to the printed
MacCormack Operator sequence to insure that it is the one intended and that
it is a symmetric sequence. At the user selected axial and radial node
points, the solution matrix will be displayed for all theta nodes. Figure 32
illustrates this output section. The content of this printed output,
variables and coordinate system, is determined by options selected in the
card input file for BLADE3D. If print option 4 or 5 is selected, then con-
ventional theta averaged variables (meridional Mach numbers, total and
pressure and temperature ratios, etc.) are calculated and displayed. This
output is illustrated in Figure 33. Definitions of printed variables are
given in special instruction number 4 for BLADE3D.
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In addition to the user selected printed output, a substantial
amount of information is printed during the operator sequence in order
to document the history of a particular calculation. This information
is printed after each 100 operator sequences and consists of printer/plotter
plots of mass flow rate vs axial grid plane number, mid-span trailing edge
static pressure vs operator sequence number and mid-span blade static
pressure vs axial grid plane number. This information is the best guide
to solution convergence rate and should be monitored closely. Examples
of these three informational plots are shown in Figures 34, 35 and 36.
Output Description for GRAPH3D
The printed output from GRAPH3D consists of printer/plotter plots
of blade surface MACH number and static pressure for each Sl surface and
plots of S2 streamsurface positions for the pressure surface, mid-channel
surface and the suction surface. Examples of the Sl and S2 surface plots
are given in Figures 37 and 38. In addition, a summary of Sl streamsurface-
theta averaged flow variables is presented for the grid planes corresponding
to the blade leading edge and the blade trailing edge. An example of this
output is shown in Figure 39.
Both user defined solution matrix storage files have the same
format which is specified in Table 4.6. Each FORTRAN record corresponds to
one grid node point and contains the radial,tangential and axial grid index
number, the non-dimensional radial, tangential and axial positions, the
nondimensional conservation variables (rp, rpu r, rpu0 , rpu z, rEt) and the
nondimensional physical flow variables (Pt, Mr, M, MZ, Tt). The finite
difference grid output file contains all axial plane numbers 1 through NX.
The Q1-S2 streamsurface file contains only axial plane numbers Nl through N2.
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EXAMPLE CALCULATION
The computer codes described in the previous section were used to pre-
dict the flow through a low aspect ratio, transonic compressor rotor de-
signed by Urasek [22] of NASA LEWIS RESEARCH CENTER. This rotor has an
inlet hub to tip ratio of 0.375, an aspect ratio of 1.56 and an inlet
relative Mach number of 1.38. In conventional steady state testing at
NASA LeRC, the rotor was found to have a peak adiabatic efficiency of
90.6%, a total pressure ratio of 1.686 and a mass flow rate of 34.03
Kg/sec. In Blowdown Tunnel testing at MIT [23], the rotor was found to
have an adiabatic efficiency of 89.5%, a total pressure ratio of 1.677
and a mass flow rate of 33.3 Kg/sec.
The calculated operating point for the sample, inviscid calculation
was set such that the predicted passage shock pattern approximated that de-
termined in MIT BLOWDOWN COMPRESSOR TUNNEL flow visualization testing [24]. It
was found to be impossible to match the mid-span bow-shock shape, the
shape of tip wall static signature and the level of the tip wall static
measurements. Predicted overall performance parameters were found to be
a mass flow rate of 35.6 Kg/sec, a total pressure ratio of 1.756 and an
adiabatic efficiency of 94.2%. Having generally the same shock structure
at a higher mass flow rate and total pressure ratio is consistent with the
assumption of inviscid flow.
In order to verify that the calculated flow condition realistically
represents the test rotor performance, comparisons between calculated and
measured theta averaged performance is useful. A comparison of relative
flow angle at the rotor trailing edge is shown in Figure 40 along with the
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blade metalangles. For R/Rf< 0.90, the inviscid predictions follow the ex-
ref
pected variation with respect to the metal angles and match the experimental
values. For R/Rref > 0.90, the experimental values show considerably less
turning than would be expected either from deviation angle correlations
or the inviscid predictions. The observed flow angle variation is
difficult to explain on the basis of purely inviscid fluid phenomena,
since as is shown in Figures 41 and 42, the experimental rotor leading
edge meridional Mach numbers are nearly identical with the predicted
values while the experimental total temperature ratios are larger than
the predicted values. These phenomena suggest that either viscous
phenomena such as profile boundary layer separation or viscous linked
phenomena such as boundary layer flow migration significantly affect the
flow for R/Rf >0.90.
A comparison of the theta averaged rotor total pressure ratios is
shown in Figure 43. The inviscid prediction and the NASA LeRC steady
state measurements compare well over the entire span, while neither
compares well with the high response total pressure measurements made
in the MIT BLOWDOWN COMPRESSOR Tunnel. The origin of the high total
pressure area, R/R ref>0.70, in the MIT data, has not yet been explained.
Measurements of the blade-to-blade variation in static density have
been reported in reference [24]. These studies have shown a rotor shock
system consisting of a moderate strength bow shock at mid-span, a weak
strength bow shock near the three-quarter span radius and of a secondary
weak passage shock near the tip section. These characteristics are well
illustrated in three contour plots, figures 44, 45 and 46, which show the
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computed relative Mach number on blade-to-blade running surfaces. These
surfaces have the constant radii of R/Rref = 0.80, 0.90 and 0.95. At an
R/Rref of 0.80 a strong oblique bow shock is predicted with the flow remaining
subsonic nearly everywhere downstream of the shock. At an R/Rref of 0.90
a weak oblique bow shock is predicted, but the flow becomes supersonic in
a small region near the trailing edge. At an R/Rref of 0.95, a weak bow
shock is predicted with the flow remaining at supersonic across the entire
passage. The supersonic region is terminated by a weak compression or shock
and the flow is subsonic everywhere downstream of the trailing edge.
To clarify the predicted shock structure, relative Mach number contour
plots for the pressure and suction surface are shown in figures 47 and 48.
Figure 47 shows the flow to be subsonic over nearly the entire span. The
supersonic flow portion is terminated by a weak shock. The suction surface
flow pattern is much more complex as shown in figure 48. The flow is super-
sonic over a large fraction of the blade surface with two different passage
shocks evident. The suction surface shock structure is sketched in figure
49 which illustrates that the first passage shock, really the bow shock,
is a strong oblique shock near mid-span and a weak oblique shock near the
tip section. The two shock families merge near the three-quarter span point
where the shock turning angles are the same for both families.
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The intra-blade flow visualization technique does not allow resolution
of leading edge flow features for R/R ref> 0.85 and high response wall
static measurements must be used to experimentally probe the shock structure
near the tip radius. Reference [23] presents wall static measurements at
the axial locations illustrated in Figure 50, and sample static pressure
traces are reproduced in Figures 51, 52 and 53. The predicted wall static
pressures are also compared to 5 cycle ensemble averages of these data in
Figures 54, 55 and 56. At the upstream measurement ports 2.0 and 56, the
shape of the computed wall static pressure trace closely follows the measured
5 cycle average, but the shock pressure rise is well under-predicted. At
the mid-chord measurement port 2.5, the shape of the pressure trace is well
predicted, but the mid-passage pressure level is predicted to be too high.
In order to clarify the comparison of predicted and measured wall
static pressures, the port 56 measurement is compared to the computed leading
edge pressure in Figure 57. This figure shows that the correct bow shock
pressure rise is predicted, but the predicted bow shock appears at the wrong
axial position. Since the predicted shock pressure rise is consistent with
the blade leading edge wedge angle, it must be concluded that the tip bow
shock is detached in the experiment. The most likely explanation for this
difference is that the experimental compressor has a tip "end-bend" or
local over-twist to accommodate a tip end-wall boundary layer. The end-
wall boundary layer is absent in the MIT test configuration.
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To complete the documentation of the sample solution, blade surface
static pressures and blade surface Mach number distributions along each
radial grid plane are shown in Figures 58 through 87. Figures 58
through 72 illustrate the static pressure, and Figures 73 through 87
illustrate the relative coordinate system total Mach number. The nominal
upstream sonic line occurs at radial plane number 9, but supersonic flow
extends inward to radial plane number 5. These figures illustrate the
transition from subsonic flow to supersonic flow; the inviscid calculation
leading edge resolution in subsonic flow, Figures 59 and 73; and the shock
resolution, Figure 87. These figures show that the compromises in
leading edge resolution have not greatly degraded the solution.
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